MEAN CURVATURE AND COMPACTIFICATION OF SURFACES IN A 
NEGATIVELY CURVED CARTAN-HADAMARD MANIFOLD 



ANTONIO ESTEVE* AND VICENTE PALMER* : 



ABSTRACT. We state and prove a Chern-Osserman-type inequality in terms of the vol- 
ume growth for complete surfaces with controlled mean curvature properly immersed in a 
Cartan-Hadamard manifold N with sectional curvatures bounded from above by a negative 
quantity K?f < b < 0. 

1. Introduction 

In the articles ||6) and [7 1, Chen Qing and Cheng Yi proved the finiteness of the topology 
and the following Chern-Osserman-type inequality for complete and properly immersed 
minimal surfaces in M n (b) with finite total extrinsic curvature J s \\A s \\ 2 da < oo (here 
|| A s \\ denotes the Hilbert-Schmidt norm of the second fundamental form of S in M n (b)): 

i r HASH3 , Vol(S* 2 n B b r n ) 

(i.i) -x(s) < — I \\a s \\ 2 d(T-sup r r ' . 



47T 



where x(S) is me Euler characteristic of the surface, Bp n denotes the geodesic 7--ball in 
H™(6) and ^^ppp is the volume growth of the domains S 2 n B h / X . 

A natural question arises in this context: can we prove the finiteness of the topology of a 
not necessarily minimal surface in a Cartan-Hadamard manifold and, moreover, establish a 
Chern-Osserman-type inequality for its Euler characteristic? (At this point we are referring 
to the work |27|, where the finiteness of the topology and a Chern-Osserman inequality are 
proven for not necessarily minimal surfaces in the Euclidean spaces E n ). 

In this paper we provide a partial answer to this question. We consider a complete and 
connected surface S properly immersed in a Cartan-Hadamard manifold N with sectional 
curvatures Kjq bounded from above by b < 0. Asin[7],we assume that J s \\A s \\ 2 da < oo 
and that the sectional curvatures of the ambient manifold N satisfy J s (b — K^)da < oo. 
On the other hand, we assume that the mean curvature of S in N, H$, is controlled by a 
radial function h(r) (which depends on the distance R to a fixed pole o e N) and its total 
mean curvature J s \\Hg\\dcr is finite. Then we obtain a Chern-Osserman-type inequality, 
thereby proving that the topology of such non-minimal surfaces is finite and generalizing 
the results directly in [6] and Q. 

The monotonicity and finiteness of the volume growth function c ^°^^ bt ( or a modified 
version of it) associated to the distinguished domains D t C S called extrinsic balls (see 
Definition 12. II ) plays a fundamental role in the description of the topology of the surface. 
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This monotonicity property is obtained from some isoperimetric inequalities satisfied by 
the extrinsic balls in S. 

The isoperimetric inequalities are based, in turn, on the application of the divergence 
theorem and comparison with the Laplacian operator acting on radial functions which 
comes from the Hessian-Index analysis for manifolds with a pole that we can find in iflOll . 
(see also lfl6l and 11251 ). 

We basically follow the arguments set out in the works (6] and Q. However, several 
analytical and topological difficulties arising from the fact of considering an ambient space 
with variable curvature had to be overcome. 

In particular, we present the following estimation of the Euler characteristic of an im- 
mersed surface 

-X(S) < lim (-x(D t )) 

t— > oo 

for an accurate exhaustion of S by connected extrinsic balls {Dt}t>o, (see Theorem 15. 81 
in section §.4). The proof of this result is based on the proof of Huber's classical theorem 
given by White in ll27l . This is a key result which will allow us to argue in a similar way 
as in |6) and Q, even though our ambient manifold has no constant curvature. 

1.1. Outline of the paper. In section §.2 we present the basic tools we use (such as the 
co-area formula) and the definitions and facts about the rotationally symmetric spaces used 
as a model for comparison purposes. In Section §.3 we state our main results: Theorem 
13.21 and Corollary 13.41 and prove Corollary 13.41 Section §.4 is divided into two parts: 
Subsection §.4.1 is devoted to the basic results about the Hessian comparison theory of 
restricted distance function that we are going to use (see proposition l4.ll ) and in Subsection 
§.4.2 an estimate of the geodesic curvature of the boundary of the extrinsic balls covering 
the surface is obtained as a corollary, using the Gauss-Bonnet theorem, and from there 
an estimation of the Euler characteristic of such extrinsic balls is also calculated. Section 
§.5 is divided into two parts: in Subsection §.5.1 the monotonicity property of the volume 
growth is studied in the non-minimal context, and in Subsection §.5.2 the estimation of the 
Euler characteristic of the surface is presented in terms of the Euler characteristics of the 
extrinsic balls. Section §.6 is devoted to the proof of the main result, (Theorem l3.21 i. 

2. Preliminaries 

We are now going to present the precise controlled mean curvature setting, where we 
can prove Chern-Osserman-type inequality by introducing the notion of comparison con- 
stellations. 

We assume throughout the paper that ip : S — > TV is a complete and proper immersion 
of a non-compact surface S in a Cartan-Hadamard manifold N. Throughout the paper, 
we identify (p(S) = S and <p(x) = x for all x € S. We also assume that the Cartan- 
Hadamard manifold N n has sectional curvatures bounded from above by a negative bound 
Kn < b < 0. All the points in these manifolds are poles. Recall that a pole is a point 
o such that the exponential map exp D : T N n — > N n is a diffeomorphism. For every 
x € N n \ {o} we define r(x) = distjv(o, x), and this distance is realized by the length of a 
unique geodesic from o to x, which is the radial geodesic from o. We also denote by r the 
restriction r\s : S — > M.+ U {0}. This restriction is called the extrinsic distance function 
from o in S m . The gradients of r in N and S are denoted by V N r and V r, respectively. 
Let us remark that V s r(x) is just the tangential component in S of V N r(x), for all x G S. 
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Then we have the following basic relation: 

(2.1) V jV r = V s r + (V Jv r) 1 , 

where (\7 N r) ± (x) = S7 ± r(x) is perpendicular to T X S for all x € S. 
We are now going to define the extrinsic balls: 

Definition 2.1. Given a connected and complete surface S 2 in a Cartan-Hadamard man- 
ifold N n , we denote the extrinsic metric balls of radius R and center o G A by Dr(o). 
They are defined as any connected component of the intersection: 

B R (o) nS={xeS: r{x) < R}, 

where Br(o) denotes the open geodesic ball of radius R centered at the pole o in N n . 

Remark 2.2. The restriction r\s is smooth in S and consequently, by Sard's theorem and 
the Regular Level Set Theorem, the radii R that produce smooth boundaries dDji{o) are 
dense in R. 

Definition 2.3. Let o be a pole in the ambient Cartan-Hadamard manifold TV and let x g 
M \ {o}. The sectional curvature Kn(&x) of the two-plane a x E T X N is then called 
an o-radial sectional curvature of N at x if a x contains the tangent vector to a minimal 
geodesic from o to x. We denote these curvatures by K ^(a x ). 

At this point we should remark that we assume that the o-radial sectional curvatures of 
N are bounded from above by the constant b < 0, which is the constant sectional curvature 
of the Hyperbolic space M n (b). This space can be viewed as a special kind of rotationally 
symmetric space called a model space. 

Definition 2.4 (see ifTTl . 1101 '). A oj— model M™ is a smooth warped product with base 
B 1 = [0, A[c R (where < A < oo), fiber f'"" 1 = S™" 1 (i.e. the unit (m - 1)- 
sphere with standard metric), and warping function to : [0, A[— >• R+ U {0}, with oj(0) = 0, 
w'(0) = 1, and ui(r) > for all r > 0. The point o u = 7r _1 (0), where it denotes the 
projection onto B , is called the center point of the model space. If A = oo, then o w is a 
pole of M™. 

Remark 2.5. The Hyperbolic space H™(6) is a w— model with warping function 

cJb(r) = — - sinh.(\/— br) 

Proposition 2.6 (see [22], |10| and [11]). Let M™ be a uj— model with warping function 
u)(r) and center o w . The distance sphere of radius r and center o u in M™ is the fiber 
7r _1 (r). This distance sphere has the constant mean curvature T) u (r) = ^jkt - On the 
other hand, the o u -radial sectional curvatures of M™ at every x € 7T" 1 (r) (for r > 0) are 
all identical and determined by K 0ui m^ (fx) — ~ ^(r) ' 

Remark 2.7. The mean curvature of the geodesic spheres in the Hyperbolic space H™(6), 
'pointed inward', is (see lF24l t: 

T) Ub (t) = ^TT = A^COth yf-k 
LOb(t) 

Definition 2.8 ([20|). Given a function h : R — ► R, the isoperimetric comparison space 
h is the W— model space [0, +oo ) Xyv S*"' 1 with base interval B = [0, +oo ) and 
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warping function W(r) defined by: 
(2.2) W{t)= S ' mhV ~ bt 



Note that 

(2.3) W(0) = 0, W'(0) = 1 . 

Remark 2.9. The warping function W(r) is a/the solution of the differential equation: 

(2.4) v " = x Hk_2h{t) . 

W Wb 

with the following boundary condition: 

(2.5) W'(0) = 1 . 

Remark 2.10. We observe that C '^ b h is indeed a model space C^ b h = with a well- 
defined pole ow at r = 0: W(r) > for all r and W (r) is only at r = 0, where, 
additionally, because of equation ( 12.51 ), W'(0) = 1 . 

On the other hand, given the warping function W(r) , we introduce the isoperimetric 
quotient function qw( r ) for the corresponding W— model space h as follows: 

( 2 - 6 ) 1w(r) = „.,^ - 



where denotes the polar centered geodesic r— ball of radius r in i with bound- 



ary sphere Sf^ . 

3. Main Results 

With these definitions in hand, we present the notion of strongly balanced isoperimetric 
comparison space and our main results: 

Definition 3.1. The isoperimetric comparison space h is strongly balanced on the 
interval [0, oo) if and only if the following inequality holds for all r > 

(3-1) \h(r)\<^ Wb (r)-V~b) 

where T) Wb (r) = \[— 6coth v— br is the mean curvature of the geodesic r-spheres in the 
hyperbolic spaces H™(6). 

With all these concepts and definitions in hand, we have our main result: 



Theorem 3.2. Let us consider N n to be a Cartan-Hadamard manifold, and o G N a 
pole in N. Let us suppose that its radial sectional curvatures are bounded from above 
by a negative bound K ^{a x ) < b < 0. Let S be a complete, connected and properly 
immersed surface in N such that there exists a radial function h(r) satisfying 

(3.2) C{x) = -(V N r(x),H s (x)) < h(r(x)) for all xeS 

where Hs(x) denotes the mean curvature vector of S in N. 

Let C^ b h denote the W -model constructed via ujjj and h, and assume that C^ b h is a 
strongly balanced isoperimetric comparison space on the interval [ 0, oo ). 
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Let us also assume that 

(I) [ (b-K N \ s )da < +00, 
J s 

(II) / ||A S || 2 dCT < +OO 

J s 

(III) I \\H s \\da < +00 



JS 

where A s denotes the second fundamental form of S in N, Kn\s denotes the sectional 
curvature of N restricted to the tangent plane T p S, for all p € S, and Hg denotes the 
mean curvature vector of S. 
Then 

(1) Sup t>0 CQ ^j bt < +00, where v(t) = vol{D t ) Vt > and D t denotes the 
extrinsic ball on the surface S. 

(2) S 2 has finite topological type, and there exists to > such that 



(3.3) _ X (S)<-L f ( b -K N \s)d* + ±- [ \\A s \\ 2 da-CSu Pt>0 
^ Js 47r Js 



vol(Dt) 

b.2s 



s ^Js Voi(B; 



s 



2tt 



where C G [0,1] is the constant defined as 

C := Inf ( cosh \f—ht — qw(t)V— bsinhV— bt ) 
t>o V / 

Remark 3.3. Given the surface S 2 immersed in N, the quantity b—K]y\s, (where Kjf\s — 
Kn(p,T p S) is the sectional curvature of N at p E S of the tangent plane T P S), only 
depends on the points p £ S. Hence, the assumption J s (b — K.N\s)dcr < +00 makes 
sense. Indeed, when we consider the sectional curvature of the ambient manifold restricted 
to the 2-dimensional tangent plane T p S C T p N, we have, by virtue of the Gauss formula 
and given an orthonormal basis {ei, 62} of T p S: 

K N (p, T p S) - K s {p, T p S) = 

(3 .4) = (A s {e 1 ,e 2 ),A s (e 1 ,e 2 )) - (A s { ei , ei), A s (e 2 , e 2 )> 

= \(\\A s \\*-4\\Hs\\ 2 ) 

where Kg(p, T p S) = K$ is the Gauss curvature of S. Hence, b — Kn does not depend on 
the basis {ei, e 2 } of T p S. If there is no risk of confusion, we shall denote as j s (b — K^)da 
the integral J s (b — KN\s)da. 

As a corollary of Theorem 13. 21 we have the following result, which is a generalization 
of the main theorem in [7 |, when we consider connected and minimal surfaces in a Cartan- 
Hadamard manifold, (see also [9Q: 

Corollary 3.4. Let S 2 be a complete, connected and minimal surface properly immersed 
in a Cartan-Hadamard manifold N, with sectional curvatures bounded from above by a 
negative quantity Kn < b < 0. 
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Let us suppose that 



(3.5) / \\A b \\ z da < +00 

Js 

and 

(3.6) / (b-K N \ s )da < +00 

Js 

where A s denotes the second fundamental form of S in N and K^\s denotes the sectional 
curvature of N restricted to the tangent plane T p S, for all p € S. 
Then: 

<» Su P*>o ^) < +«». 
(2) S 2 has finite topological type, 

Sim.. „ 

Vol(B|- 

where D t denotes the connected extrinsic ball on surface S. 



(3) -x(S) < £ f s \\A s fda Sup t>0 + £ _ R N )da. 



Proof. As 5 is minimal, then C(x) = Vx G 5, so we consider /i(r) = for all r > 0. 
Then, W(r) = w&(r) trivially and we have that C^ b h — H 2 (&) is a strongly balanced 
isoperimetric comparison space. In particular, to = 0. 

It is straightforward to check that qw(t) = q Wb (i) = ^=(coth(\/~^6£) — 



b ^ ^ ' sinh( — bt) 

so fw{t) — cosh yf—bt — qw(t)V— bsinh \J~-bt = 1 Vi > 0, and hence 

C = Inf (coshV^rf; — gvp(*)V— &sinh\/^&i^ = 1 

in this case. □ 

Remark 3.5. It is clear from inequality (13.31 that Theorem l3.2l is a good generalization of 
classic Chern-Osserman inequality as long as the constant C is not zero. This fact depends 
on the function h(r), which bounds the radial mean curvature of the surface, as we try to 
explain with the following consideration. 

Let us consider S a complete, connected and properly immersed surface in a Cartan- 
Hadamard manifold N with pole o E N and with radial sectional curvatures K ^(a x ) < 
b < 0. Let us assume that hypotheses I, II and 177 in Theorem |3.2| are fulfilled. 

Let us suppose that, for some fixed constant L > 1, and for all x £ S, the bound for the 
mean curvature of S is given by 

^6 



(3.7) C(x) = -(V N r(x), H s (x)) < h L (r(x)) = ^er 2 ^^ 



L 



Then, it is straightforward that C 2 lb hL is strongly balanced and so, by applying Theo- 
rem !3.2l S 2 has finite topological type, and 



x(s) <^J s ( b - K *) d ° + ^J s Wffo 



Vol(A) , V^b f 1 f a bv(t ) 

-C L sup , 2 + / \ H s \da-- / \\H S \\ da 

t>o Vol(S t ' ) Ti" Js ^ Js 27r 

where it is straightforward to check that 

/ \ 2 1 

1 > C L = inf (coshV^bt - q WL (t)V^bsmhV^bt) > 1 - — > - > 
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Hence, 

lim C L = 1 

But, on the other hand, when L goes to infinity, then (r) goes to the constant function 

0. 

In turn, it is straightforward to check that the value to(b, h) (which ultimately depends 
on the model space C^ b h ) satisfies in this case the following inequality: 

2 \[L 
(3.8) to(b,hL) < arcsech- 



VT+T 
and hence 

2 y/Z 
lim tnlb-hi} < lim arcsech—p = 

Therefore, the minimal case can be considered not only a corollary but also a limit case, 
when L —> oo, of the assumptions in Theorem l3.2l (given a suitable choice of the bounding 
function h(r) = h^r)). 

4. Hessian analysis, Gauss-Bonnet Theorem, and estimates for the 
euler characteristic of the extrinsic balls 

4.1. Hessian and Laplacian comparison analysis. We now assume that S 2 is a com- 
plete, non-compact, and properly immersed surface in a Riemannian manifold N n which 
possesses a pole o. 

The 2nd order analysis of the restricted distance function r\ s is governed by the Hessian 
comparison Theorem A in 1101 . A corollary of this result is the following proposition (see 
fl"4l or ||25) for further details): 

Proposition 4.1. Let N n be a manifold with a pole o, and let M™ denote a uj— model 
with center o u . Let us suppose that every o-radial sectional curvature at x € N — {o} is 
bounded from above by the o^-radial sectional curvatures in Af ™ as follows: 

(4.1) IC(<j(x)) = K , N (a x ) < 

for every radial two-plane a x C T X N at distance r — r(x) — dist n(o, x) from p in N 

For every smooth function f(r) with f'(r) > (<)0forall r, and given X G TqS 
unitary: 

Hess s (/ o r)(X, X) > (<) ( /"(r) - /'(r)^(r) ) < X, V N r > 2 
+ f(r)( Vw (r) + (V N r,A s (X,X))) 



Tracing inequality A4.2i 

A S (for) >(<)(/"(r)-/'(r)^(r))||V s r|| 2 
+ mf(r)( Vw (r) + (V N r, H s )) 

Proposition 4.2. (See Q and (51 ) Let S 2 be a complete, non-compact, and properly im- 
mersed surface in a Cartan-Hadamard manifold N n . Let us consider {D t }t>o ® n exhaus- 
tion of S by extrinsic balls. Let f : S — > K be a positive C°° function. Then 



e -v / -6r(x) 



IS 



f(x)da < +oo if and only if / e _v/ ~''* / f(x) da dt < +oo. 

Jo J D t 
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4.2. An application of the Gauss-Bonnet theorem: geodesic curvature of the extrinsic 
curves in the surface S. 

Proposition 4.3. Let S 2 be a properly immersed surface in a Cartan-Hadamard manifold 
N. Let us assume that, given a pole o G N, the o-radial sectional curvatures of N are 
bounded from above by a negative quantity K .n{<Jx) < 6 < 0. Let Dt be an extrinsic 
ball in S centered on the pole o G N. The geodesic curvature of the extrinsic sphere dD t , 
denoted as k g , is bounded from below as follows: 

where A s denotes the second fundamental form of S in N. 

Proof. As K N < b by applying d4.3l ) to the radial function f(r) = cosh y/^-br and having 
into account that 



(4.5) 
then 
(4.6) 



H S \\ < (V N r,H s ) <\\H S \ 



A s cosh \J~-br > -26 cosh \f-br - 2\/^6sinh y/^br\\H s \ 



Now, we again apply Proposition l4.1l to f(r) = 1 V r > to conclude that the geodesic 
curvature fc* satisfies the inequality 



k* = 

9 || V S r | 



Hess s r(e, e) > 



(4.7) 



^_ {-^ (e, V^r) 2 + rhb + (A s (e,e),W N r)} 
V s ( ,|| {^ + <A s (e,e),V^r)}, 



|V s r 
1 



where e is unitary and tangent to dD r 
As 



(4.8) 

we obtain: 



A s (e, e) + A s ( 



V r V r 



) 



M^ (!) - 2||ffslh ( iS( W^ vir )[ 

□ 
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Proposition 4.4. Let S 2 be a properly immersed surface in a Cartan-Hadamard manifold 
N. Let us assume that, given a pole o £ N, the o-radial sectional curvatures of N are 
bounded from above by a negative quantity K 0i n(<t x ) < b < 0. Let D t be an extrinsic 
ball in S centered on the pole o £ N. The volume v(t) — vol(D t ) satisfies the inequality: 

2ttx(A) > 

1 ( , , „„ „ „ / . q , V s r V s r 



(4-10) J dDt ||V*r|| 
Kgda. 



ID, 

where K$ denotes the Gaussian curvature of S. 
Proof. By applying the Gauss-Bonnet theorem: 

(4.11) f tf g dn+ [ K s da = 2Tt X (Dt), 

JdD t JD t 



Now, using Proposition |4.3 

2ttx(A) > 



(4.12) 



K s da. 



□ 



Proposition 4.5. Let S 2 be a properly immersed surface in a Cartan-Hadamard manifold 
N. Let us assume that, given a pole o £ N, the o-radial sectional curvatures of N are 
bounded from above by a negative quantity K 0t ]y(a x ) < b < 0. Let D s C D t be extrinsic 
balls in S centered on the pole o G N. Then 



J Dt ^oshV~br-\\Hs\\^^)da 



cosh 2 J~^bt 



(4.13) 



Id, ( C o S hV=br-\\H s \\^^)da 



> 



cosh 2 a/— bs 

1 + sinh 2 \/^6r||V- L r|| 2 - sinh v^^cosh ^ 1 1 H s \ 
D t -D s cosh 3 \f—br 



-da 



Proof. We integrate inequality (14.61 ). and then we apply the divergence theorem to obtain 

V^bsinhv^bt \\\7 s r\\da > 
JdD t 



(4.14) 

-2b cosh V^bs da - 2\[-b \ \\Hs\\ sinh V^bs da 

JD t J D t 
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Therefore 



D, 



(4.15) _ 
1 sinh V—bt 



||V s r||da t 

dD t 



2 V^b 

Deriving and using the above inequality 
d I J Dr (cosh V=br - \\H s \\^ffr) da 
dt \ cosYi 2 yfHt 

S inh V=br cosh V=b_L 1 1 jj 1 1 _ sinh 2 f^fr. 1 1 yS f 1 1 2 




||V s r 



ferllV-Lrll 2 - ^lWE^W^!l||7J s | 
73 



/aA ||V A r|| ] cosh d V=&f 

Now, integrate the above inequality, applying the co-area formula. □ 

As direct corollaries of the above Propositions, we have the corresponding results for 
the minimal case (see [5 1 and [7 1), where Hs — and hence ||-ffs|| = 0. 

5. Extrinsic isoperimetry, volume growth and topology of surfaces 

5.1. Extrinsic isoperimetry and the monotonicity property of the volume growth for 
non-minimal surfaces. In this section we are going to see how it is possible to deduce 
a monotonicity property satisfied by the volume growth function in the strongly balanced 
setting defined in section §.3. 

We start by studying how to obtain the classic monotonicity property of the volume 
growth function (see and lfl8l ) using a slightly more general isoperimetric inequality 
than the one used in fT8| . This isoperimetric comparison is based, in turn, on a balance 
condition that is more general than the one used in ifTBI . 

Theorem 5.1. Let us consider N n to be a Cartan-Hadamard manifold, and o G N a 
pole in N. Let us suppose that its radial sectional curvatures are bounded from above 
by a negative bound K ^(a x ) < b < 0. Let S be a complete, connected and properly 
immersed surface in N such that there exists a radial function h(r) satisfying: 

(5.1) C{x) = -(V N r(x),H s (x)) < h(r(x)) for all xeS 

where Hs(x) denotes the mean curvature vector of S in N. 

Let C^ b h denote the W -model constructed via u>i, and h, and assume that C^ b h is a 
strongly balanced isoperimetric comparison space on the interval [0, oo). Then, there 
exists t$>§ such that 

vol(dD R ) vol(dB%) 
{ 1 vol(D R ) - vol(D t0 ) ~ vol(B^) ' VH ~ ^ 

Proof. We shall show the following two lemmas first: 

Lemma 5.2. If the isoperimetric comparison space C 2 b ^ is strongly balanced, then 
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(1) The function h(t) satisfies 

(5.3) lim h{t) = 

t— v+oo 

/<*,\ rj^j r • I t\ fn W(s)ds . r 

(2) 1 he function qw{t) = w(t) — satisfies 

(5.4) q w (t) < -= Vi > 



lim W(t) = +oo 

t— > +oo 

(5.5) lim g^(t) = 



t— >+co y—b 
lim gy[/(t) = 

Proof. As < lim^oo \h(t)\ < | lim^oo (ry Wb (t) — v— 6) = 0, we have that 

lim h(t) = 

t— yoo 

To see (15.4b . we use the fact that h(r) < \h(r)\ < ^(r] Wb (r) — V~— 6) for all r > 0, and 
equation d2.4| ). 

To show the limits in d5.51 l, we use the fact that lim^oo h(t) = 0. Therefore, it is 
straightforward to check that lim^oo W(t) = +oo and, hence, to apply L'Hospital's rule 
in order to obtain the other two limits. 

□ 

Lemma 5.3. Let us consider an isoperimetric comparison space C^ b h . IfC^ h is strongly 
balanced on [0, oo), then there exists some to > such that the following inequality holds 
for all r£ [to, oo ): 

(5-6) qw{r){ri Wh {r)-h{r))>\ 

where qwi?) is the isoperimetric quotient function introduced in equation ( I2.6D . 

Proof. Applying ( 15.51 ) in Lemma lBTSl we have 

lim q W (t)(Vu b (t) - 2h(t)) = lim q w (t) lim (77^ (t) - 2h{t)) = 1 

Hence, by applying the definition of limit when t goes to infinity with e = 1/2, we 
obtain that there exists t > such that qw(t)(Vu b (t) — 2h(t)) > 1/2. □ 

To show Theorem l5.ll let us now consider a fixed R > to- For all t £ [to, R], we define 

^ )= rwW(i V(s)ds ) du ' v< - io 

Using this definition and j2.6i we have: 

voULW) 

(5.7) ^=-^ = -^W)-° 

4>"(t) = -\ + q w (t){r llllb {t)-2h(t)). 



We transplant ip to S, defining -0 : Dr — D to — > R as ^(a;) = ip(r(x)) 
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Applying (14.31 in Proposition ^. II 

A s i>(r(x)) < (f(r(,)) - ^(r(*))^ b (^)))l|V 5 r|| 2 

+ 2V/(r(z))(^>(x))-/^)) . 

As r(x) > to, by applying the inequality (15.61 in Lemma |5~3~1 which holds for Vt > to, 
we obtain: 

^'(r(s))-^'(r(aO)»u(r(z)) > °> 
Hence as ||V s r|| 2 < 1 and using equations d5.71 i and again inequality ( 15.61 ) we have 

A s ip(r(x)) < -1. 

By integrating inequality ( 15.8b on the annulus ^4? = D# — £> to and applying the Di- 
vergence theorem, we obtain: 



Vol(A? o ) < / -A*1>(r(x))dn 

J A? 

(5.9) 

= -^'{R) ||V s r||d/i + V'(io) / ||V 6 r||d M 



JdD R JdD t0 

As -ip'(t) = q w {t) > Vi > 0, we have: 

(5.10) vol{D R ) - vol(D to ) < q w (R)vol(dD R ) 

and hence vol(D R ) - vol(D to ) < ^0^vol(dD R ) . □ 

As a first corollary, we obtain the comparison between the volume of extrinsic balls in 
the surface and the volume of the geodesic balls in the model space. 

Corollary 5.4 (General Monotonicity). Let us consider N n to be a Cartan-Hadamard 
manifold, and o G N a pole in N. Let us suppose that its radial sectional curvatures 
are bounded from above by a negative bound K _n(ct x ) < b < 0. Let S be a complete, 
connected and properly immersed surface in N such that there exists a radial function h{r) 
satisfying 

(5.11) C(x) = -(V N r(x),H s (x)) < h{r{x)) for all xeS 

where Hg(x) denotes the mean curvature vector of S in N. 

Let C, , h denote the W -model constructed via ujh and h, and assume that C, 2 is 
a strongly balanced isoperimetric comparison space on the interval [0, oo). Then the 
function 

v(t) - Vq 
Vol (BY{ow)) 

is non-decreasing in [to, +00), where to is given in Lemma \53\ being v(t) = Vol(D t ) and 
v = v{t )=Vol(D t0 ). 

vol(D t )—va 

From the co-area formula: 



Proof. Let us consider the functions /(t) = v ° v ^gw^° an d G{t) = In f(t) 



(5.12) «'(*)=/ n^-ii^> / dp = vol(dD t ), 

JdD t ||VV|| J 9Dt 



(5.13) ^-vol{D t )>vol(dD t ). 

at 
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On the other hand, in a rotationally symmetric space Mw we have that, (see (TTj): 
(5.14) vol{Bf)' = vol(dBf). 

Hence, by applying Theorem l5.ll we obtain: 



G'{t) = 



v'{t) vol(dB 



V) 



(5.15) 



v(t) — Vq vol(B. 



" v(t) - v vol(Bf) ~ 
so we have f'(t) > Vi > t Q . □ 



Now, we are going to obtain two new monotonicity properties deduced from the isoperi- 
metric inequality d5.2t in Theorem 15. II The key difference with the generalized mono- 
tonicity property analyzed in Corollary 15 ,4| is that now we want to compare the volume of 
the extrinsic r-balls with the hyperbolic cosine (as in the minimal context given in ifTHIl ). 
and not with the volume of the geodesic r-balls in the model space (as is performed in 
Corollary El). 

Corollary 5.5 (Non-minimal Monotonicity). Let us consider N n to be a Cartan-Hadamard 
manifold, and o £ N a pole in N. Let us suppose that its radial sectional curvatures are 
bounded from above by a negative bound K 0t N(a x ) < b < 0. Let S be a complete, con- 
nected and properly immersed surface in N such that there exists a radial function h(r) 
satisfying 

(5.16) C(x) = -(V N r(x),H s (x)) < h{r{x)) for all xeS. 

where Hg{x) denotes the mean curvature vector of S in N. 

Let C^ b h denote the W -model constructed via ojf, and h, and assume that h is a 
strongly balanced isoperimetric comparison space on the interval [ 0, oo ). Then, for some 
to > 0, the function — is non-decreasing in [to,+oo), where to is given in 

cosri v — ot — O 

Lemma \53\ an d the constant C is defined as (see Theorem \3.2\ 

(5.17) C = Inf (cosh^fa - V^sinh 

As a consequence, the function ~^~7=g^ is non-decreasing in [io,+oo), where vq 
Vol(A„). 



Proof. We are going to study the constant C defined in the statement of the Theorem l3.2l 
To do so, we need the following consequence of Lemma [5T2l 

Lemma 5.6. Let us consider an isoperimetric comparison space C^ b h . Let us define the 
function f(t) := cosh^/^bt - q w (t)y/^bsmh^/^bt Vt > 0. Then f(t) > Vi > 
and lim t _>.o f(t) = 1. 

Proof. Applying d5.5l ) in Lemma l5T2l again, we have: 

lim /(<) = 1 
t->o+ 

Finally, as q w {t) < Vt > 0, then: 

f(t) > cosh ^f-bt - sinh \f-ht > Vt > 

□ 
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Now, the proof of the theorem runs as follows: by applying Proposition ^ . 3 1 and Lemma 
15.61 the function f(t) in non-negative and lim t _j. + f(t) = 1. Hence, the infimum C exists, 
and we have 

(5.18) 0<C<1 

Note that C ultimately depends on the functions h(r) and LUi,(r), namely C = Ch,b- 
Now, we factor: 

v(t) - v = v(t) - v Jo W(s)ds 
cosh - C f* W(s)ds cosh ^/^bt - C 

The function \ W ,^ S }f S ^ > is non-decreasing for all t > if and only if, for all 

COSll y — DZ—(^y '" 

t > 



(5.20) W(t)(coshV^bt-C) -V^b sinh V^bt [ W(s)ds > 

Jo 



which is in turn equivalent to inequality C < cosh \/—bt — qw (t) \f—b sinh \f—bt Vt > 
0, which is true by definition of C. 

On the other hand, and as C^ b h is strongly balanced, we apply Corollarv l5.4l to conclude 

that the function — .^Si^J' is non-decreasing in [to, +oo), for some to > 0. 

Therefore, we have the product of two positive and non-decreasing functions in [< , oo), 
so the result is also non-decreasing in [to, oo), as we wanted to prove. 

Finally, the function c ^j^^ bt is non-decreasing in [to, +oo). It follows directly from 
the fact that, for all < C < 1, and for all t > t , 



<v'(t)( cosh V^bt -C)- (v(t) - v )V^b sinh V^bt 

(5.21) 

< v'(t) coshv^6t— (v(t) — v )V^ 5 sinh v—bt 

□ 

Remark 5.7. When the surface S is minimal, it is used the function h(r) = as a radial 
controller for the mean curvature and the isoperimetric comparison space C^ b h becomes 
the hyperbolic space H 2 (6). In this case to = and we have the isoperimetric inequality 
(see Gl and (20)) 

vol(dD R ) vol(dB b A 2 ) 

(5.22) — K — 5i > 1 R ' , Vi? > 0. 

vol(D R ) ~ vol(B b /) 

As a corollary of inequality ( 15.22b . we have the classic monotonicity property for prop- 
erly immersed minimal surfaces in Cartan-Hadamard manifolds with strictly negative cur- 
vature, (see (T) and IfTSl ). In this case, the volume of the extrinsic balls is compared with 
the volume of the geodesic balls in the model space, H 2 (6), which is the hyperbolic cosine 
and we have that the function — 5 = — , , v< ; t \ , — - is non-decreasing in [0, +oo). 

Vol(Bj ) cosh(V— bt) — 1 ° 1 ' 

This property also holds for minimal surfaces in the Euclidean spaces, (see fl8l). 
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5.2. Surfaces with finite topology. On the other hand, we have the following theorem, 
which provides an extrinsic version of the proof of Huber's classical theorem given by 
White in ll27l . As we have mentioned in the Introduction, this is a key result that will allow 
us to argue as in J6| and (7) (where it is possible to conclude that x(S') = lim.t_j.oo x(Dt) 
for an exhaustion of S by extrinsic balls {D t }t>o)- 

Recall that an exhaustion of the surface S is a sequence of subsets {D t C 5}t>o such 
that: 

• Dt C D s when s > t 

• Ut >0 A - S 

Theorem 5.8. Let S 2 be a complete, connected and oriented surface properly immersed 
in a Cartan-Hadamard manifold N. Let {D ri }°°^ i be an exhaustion of S by extrinsic balls 
centered at a pole o G N, where {ri}°^ 1 is an increasing sequence of extrinsic radius such 
that Ti — > oo when i — > oo. If we have: 

lim inf({-x(Aj}^) < oo 

Then, 

(1) S 2 has finite topology, and 

(2) - X (S) < lim,_ >0O inf({-x(Aj}r=i) 

Proof. As the extrinsic balls D r in a properly immersed and connected submanifold S are 
precompact and connected sets, we have 

-X(A-) = 2g(r) + c(r) - 2 

where g{r) and c(r) are the genus (number of handles), and the number of boundary com- 
ponents of D r , respectively. 

Hence, if we consider {D ri }°^ i to be the exhaustion of S by extrinsic balls (where 
{ r i}i_i is an increasing sequence of extrinsic radius such that r, — > oo when i — > oo) 
which satisfies limj_>. 0o inf ({— x(D rk )}kLi) < oo, we have, taking limits: 



lim inf({-x(A.jr =i ) 

(5 23) 

= 2 lim i_f({ 5 (r*)}£,) + lim inf ({c(r k )}f =i ) - 2 < oo 

t—>oc i— too 

Therefore, as Hindoo inf ({_ (rfc)})^) > 0, lim*-^ inf ({c(r k )}^ =i ) > and g(r) is a 
non-decreasing, integer-valued function of r, 



(5.24) lim inf({ ff (r fe )}^J = lim g(n) = g < oo 

I— too %— too 

As c(r) is also an integer-valued function of r, 

(5.25) lim inf({c(r fc )}^ =l ) < oo 

On the other hand, as limj_ ! , 00 inf({c(rfe)}^°_J < oo and {c(rfe)}^° =i is a sequence of 
natural numbers, then for each i E N there exists a natural number l(i) > i, such that 

™f({pfc}fc=i) = c l(i) 

and hence 

lim cui) = c < oo 

i— >oo 
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Summarizing, there exists a natural number fco such that, for all i > fco 

gin) = g 
c(n) = c 

and, therefore, such that any compact subset of S \ Dr ko has a genus equal to zero. 

Now, given the sequence {ri}g\ and for each r^, let A; be the union of D r% with those 
connected components of 5* \ D r% which are compact (if there are none, then A; = D ri ). 
Let g(A) and c(A) denote the number of handles and boundary components, respectively, 
of A- As Ai is precompact itself, then, provided j > i is large enough 

D Ti C4,C D rj 

Hence, as j > i > fco, g = g(ri) < g{Ai) < g{rj) = g, so: 

(5.26) 5 (A) = g Vz > k 

and, by construction of Aj, we also have that c(Aj) < c(ri) Vi > fco, so additionally we 
can conclude that 

(5.27) c(A) < c Vz > fc 

As a consequence of ( 15.261 ) and ( 15.271 ). we have that the Ai, (i > fco), are homeomor- 
phic, with Ai + i obtained from A by attaching annuli. 

Therefore, S has finite topology, because S = A^ a U S \ Ak , and Ak is compact and 
S \ Ak is homeomorphic to a finite union of cylinders. Moreover: 

(5.28) X (S) =X((S\ Aco) U A ko ) = X (S \A ko )+ x {A ko ) = x (A ko ) 
so, as g(A k ) = g(r k ) = g and c(A k ) < c(r k ) < c, 

X (S) = X (A k ) >2-2g-c 

and therefore: 

lim inf({- X (I? r jr =i ) 

t—>oo 

(5.29) = 2 lim M({g(r k )}? =i ) + lim inf({c(r fe )}^) - 2 
= 2 9 + c - 2 > - x (5) 

□ 

6. Proof of main Theorem 
Let us consider {D t }t>o to be an exhaustion of S by extrinsic balls, centered at a pole 

oeN. 

Let us denote 

f I X7 s r X7 s r V^r \ 

<6J) ,(i| = /»r l MW ) 'ivM}* 

Then we have, by applying Proposition 14.41 the co-area formula, and adding and sub- 
tracting b-v(t) in inequality ( 14.101 ). 

(6.2) 27T X (A)>/ (K s -b)da + r) Uh v'(t) + b-v(t)-2 [ j§§\da t - I(t) 

JD t JdD t l|W|| 

As, for any b < and for all t > 0, 

r cosh 2 (\/^6t) d u(t) 



ifc, 6 (t)i/(t) + 6«(t) - 



sinh(V^Tjt) c?t cosh(v / ^6t) 
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then 



d ( v(t) 



(6.3) 



dt \cosh \[—bt 



< 



sinh -J—bt 



-b cosh 2 \f—bb 1 V 



2tt X (A 



• / (6 - iY s )Ar+ 

J-D, 



l#s| 



|V S 7 



■d/i + I(t) 



Now, using that, for all t > 
(6.4) 

so we obtain 



S-Dt 



sinh(V^) < 2e - v / =bt 



cosh 



6r) 



(6.5) 



v(t) 



dt V cosh \T-bt 



< 



1 



4e" 



2e 



dD t 



\Hs\ 



|V S 7 



(6 - K s )d<7 + v 7(7;)- 
D t cosh V— or 



■^ + 4e- v - 6t 7rx(/J 



As we have observed before, the extrinsic balls D t in a properly immersed and con- 
nected surface S are connected, precompact domains. Hence, for all t > 0, we have: 



(6.6) 



xiPt) = 2 - 2g(t) - c(t) < 1 



where g(t) and c(t) are the genus (number of handles), and the number of boundary com- 
ponents of D r , respectively (see [23 1, p. 43). 

Then, we integrate both sides of inequality (16.5b between and a fixed t > 0, having 



into account that 



v(0) 



cosh ( j — and applying the co-area formula 

v(t) . 1 



< 



cosh(v^6r) 

* sinh( v / ^&s) 



_{2 / er^ s f {b-K s )dads 
-b Jo Jd, 



+ 



(6.7) 



o cosh (v— 6s) 



I(s)ds + 4 



+ 4tt / x(D s )e^ V ^ s ds < ^={2 f e -^ s f {b-K s )dads 
Jo \/—b Jo Jd 3 

+ / 2 y ; N /(s)ris + 4 / / e v 

Jo cosh (v— 6s) Jo JdD 3 



V s r\ 



dcr s ds + C(0)} 



where 
(6.8) 



C(0) = 4tt ; f 
'o 



OO 1 



< OO 



because, as D s is (pre)compact for all finite radii s, then x{D s ) < oo Vs. 

We are going to estimate Sup t>0 CQsh "^ x /'L bt - ) usm g me above inequality. To do so, we 
proceed as follows. 

As J s \\A s \\ 2 da < +oo, then J s e~^~^ r \\ A s \\ 2 da < +oo, and similarly, using hy- 



potheses (I) and (III), we have that J s 
+00. 



[b-K N )da < +ooand L e-^ r ||iJ s ||dcr < 
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Now, by applying Proposition l4.2l to the non-negative functions ||A S || 2 , b — Kn(x), and 
\Hs\\ we have: 



(6.9) 



/ e _v/ ^*i?(i) dt < +00; / e - ^ 5 ' / (b - K N )dadt < +00 

Jo Jo J D t 

I e -J=b-V)\\Hs\\d0 < +00 
Js 



With these estimates we can conclude, using equality ( 13.4-b in Remark [331 and the co- 
area formula, and taking into account that, for all i > 0, the quantity — -j= J ' e _ ^ s J fl \\Hs\\ 2 dads 
is negative: 



v(t) < 2 



cosh(v^6i) ~~ \T~b Jo 
rt 

e 



f e '^ s f (b- K N )dads 
Jo Jd s 



(6.10) 



1 

"7= b J 
4 /■< 



bs I \\A s \\ 2 dads 



-V-bs 



I Hs II dads 



1 f* sinh(^/ = 5s) 



b Jo cosh 2 (V— bs) 



I(s)ds 



^b 



-br\ 



H s \\da 



D s 



g(Q) 



< Ci(0) 



1 /"* sinh( v /z 6s) 



-I(s)ds 

—b Jo cosh (v — bs) 



where 



d(o) = 4=c(o) + 4 



/ (6 - K N )dadt 



==/ e -^R(t)dt+-^= 
-bJo V-bJs 



e -V=brn H n da 



is a positive and finite constant. 
We now have the following result. 



Lemma 6.1. There exist two non-negative constants C2 and C3 such that 
(6.11) 



sinh ^f—bs 



cosh 2 V —bs 



I(s)ds < C2WC3 



v(t) 



cosh y^bt 



Proof. Let us consider {e\,e-{\ to be an orthonormal basis of T p S, (p € S), being e\ 

ft Then 

,<U2) '^wwa'*" 1 ''' 



so 



(6.13) 



\7 t \7 v 

(ilS( WPi ) ' vir ^ l|Aa| l|v±r " 
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Applying Cauchy-Schwartz Inequality to the functions 



we obtain: 



(6.14) 



sinh(7^b-r)||V J -r|| 
(cosh( v /= ftr)) 1 /2 (cosh(v /= ftr)) 3/2 ' 



and 



sinh( \/^br) / „<?, V s V V s r , _, , . 



Dt cosh 2 (y=6r) \ V ||V s r||' ||V s r|[ 



smh(x/^6r)||A 5 || g^L 
r» t cosh (v— or) 



da 



On the other hand, if we consider so = and to = £ in Proposition |4.5l as cosh y'—br 
is non-decreasing, we have the following inequalities: 



J Dt ^o S hV~br-\\H s r-^^)da 



cosh \/—bt 



> 



(6.15) 



D t 



sinh V^rHV^: 
cosh 3 J~-br 



-da 



1 /" sinhv^r-H^sl 



/=6 



cosh V ' —br 



da 



. f n sinh ^/ — br\\H s\\d(T 

But as cosh J —br is non-decreasing and — 1 , ., , , > 0, we have 

° cosh 2 V— bt — 



J Dt ( cosh V=br-\\H S \ 



sinh \/— by 



G?<7 



(6.16) 



and therefore 



cosh 2 v 7 — &i 
/ Dt (cosh \/^br) dcr ^ 



< 



cosh J—bt 



cosh v — bt 



(6.17) 



sinh 2 V 11 !^ IIVV 2 



< 



v(t) 



1 /" sinh V^6r||i? s | 



D t 



cosh 3 y/—br cosh yf—bt \f—b J D t cosh 2 \f—br 



■da 



Returning to the main computation in the Lemma, taking into account that cosh 1 /_ br < 



2e" 



- br 



and 



sinh \/—br 
cosh 2 V ' —br 



< 2e v , we have: 



sinh \J—bs 
o cosh 2 \/~-bs 



I(s)ds 



(6.18) 



< 



\A S P 



-da\ 



sinh 2 % /^6r IIV-MI 2 



t cosh \f—br v JD t cosh 3 \T-b~r 



da < 



I J 2e-^ r \\A s \\ 2 da ] 



v(t) 



coshv— bt 



I e -^b r \\H s \\da 
/ -bJ Dt 



Applying hypotheses (II) and (III): 

(6.19) 
where 



sinh \J—bs 
o cosh 2 y/—ba 



I(s)ds < C* 21 



/ v(t) 
cosh v 7 — bt 



C 3 
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0<C 2 = JJ 2e-^ Br \\A s \\ 2 da < oo 



0: Cz = -^= [ e-^ r \\H s \\da < oo 
-b J Dt 



and the Lemma is proven. □ 
By applying Lemma |6"T1 to inequality ( 16.101 ), we obtain 



(6.20) _^<c l(0) + c J^W +£7 , 

cosnv— bt y coshy — at 



By putting f(t) = \j + C3> the above inequality becomes 



f{tf - C 2 f(t) - (C 3 + Ci(0)) < ovt 

and hence the values of /(t) lie between the zeros of the function g(x) — x 2 — C 2 x — 
(C3 + Ci(Q)), which are real and distinct numbers (because Ci(0) > 0, 62,63 > 0). 
Hence, f(t) (and also / 2 (t) = cos ^_ bt + C3) are bounded, so therefore: 

Sup t>0 V{t) = M<+oo 
- coshv— bt 



On the other hand, from Corollary 15.51 we know that c ^^ bt is a non-decreasing 
function, so because for all t > to, v ^~ v ° < — < M, we have that the limit 

cosnv — bt coshy- bt 

limt^oo — r / , exists and 

(6.21) lim V ® = lim " (t) < M < 00 
t^oo cosh v — 6i cosh V— 6i 

and hence 

(6.22) lim ^=L = lim < M < 00 

*-><» coshv— bt — 1 *-><» cosh V— W 

and 

(6.23) lim V ^j_ = Km E^L < M < 00 

t^oo s i n h v —bt t->oo cosh v — 6t — 1 



To prove assertion (2) of the Theorem, we need the following: 

Lemma 6.2. Lef us consider C to be the constant defined in Theorem \3.2\ Then 

^~„. f , / — r // % , cosh\/~^bt + C , . Unfcosh — 1) 

(6.24) / cosh V^fo u'(s)ds > «(*) - — 

Jo 2 2 

Proof. By Corollary 15. 5l we have that — r^=ff „ is non-decreasing in lto, +oo[ and 
is non-decreasing, so we have: 



(6.25) (cosh V^bt - C)v'(t) > (v(t) - v ) V^&sinh V^bt, V* > 0. 
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Integrating by parts: 

(6.26) f coshV^btv'(s)ds> 
Jo 

v(t) cosh \f—bb — v ^cosh yf—bt — 1^ + Cv(t) — J cosh y/~-bt v'(s)ds. 
and we obtain the result by isolating J7* cosh \f—bt v'(s)ds. □ 



Once we have proven Lemma 16721 we proceed as follows: 

By definition of I(t), inequality (|6.13l l, and the arithmetic-geometric mean inequality 

2, 2 

xy < ~2~, we have: 

/(*)</ \\A s \\^-da t 



dDt 

\\A S \\ VCT)||V^r|| 



W / P 5 II 2 , ^Wliv-S-U 2 



=dtr, < 



2 7 aCt W)l|V s r|| ' ||V*r|| ' 

' ^(*) / L<? dg f 



^W7aD t l|V s r|| '^ w 7 aDt ||V*r|| 
But, on applying the co-area formula: 

1 *(«,—'/• 



dD t 



Vui b (t) Vui b (*) 

so we have: 

R'(t) f HV^rll 2 

(6.28) I(t) < -il + r) Ub (t) / ^Vdtr*. 

JdD t l|V 6 r|| 

We are now going to analyze the integral J &D ^syj| da t . 

By integrating inequality ( 14. 6t and applying the divergence theorem (sinh y/^-bs is in- 
creasing) and the co-area formula: 

(6.29) / \\W s r\\dpi> 2 ^~^_ [ CO shy^btv'(s)da -2 [ \\H s \\da. 
JdDt sinh V —bt Jo J D t 

If we apply this inequality and the co-area formula: 



(6.30) 



f \W ±r \\ 2 
JdDt \N br \\ 



Vu, b {t)V (t) r 



f coshV :i btv'(s)ds + 2r) UJb (t) [ \\H s \\da. 

Jo J D t 



sinh y—bt 

Hence, on now applying Lemma [6721 we have: 

JdDt l! v r ll smhV-6i 



smhy— or Jd, 
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On the other hand, as ^' / ~k( cosh ^ < « (t) we obtain: 

smh v/— OT — 



llV-'-rll 2 



/ac 4 l|V s r 

(6.3D w*y(*)-^(*)M*)-cV=w*) "'" 



sinh y/^-bt 



+ «0 + 2 »to(*) / ||i?s||^ 

Therefore, by replacing the last inequality in ( 16.28) 

(6.32) 



+ Cb —^= + ^ b ffl 2 ^o + 2r?^(t) / /7. : | f /.o. 



From inequality ( 16.2) and equality ( 13.4) in Remark [33l 

1 

/;,. 2 



(6.33) 

< / (fe-XAr)rfa+-i?(t) 

Jflt 2 



2 I \\H s \\ 2 da + I(t) + 2iTx(Dt) + 2 f j§§\da t 
Jd % JdD t \\v b r\\ 



So, on applying (16.32) we obtain: 



2tt X (A)< / (b~K N )da + l-R(t) + ^—R'(t) 



(6.34) +Cb—^^+r 1uJb (t) 2 v + 2^ b (t)f \\H s \\da 

sinny - bt J D t 



JdD t l|V 6 r|| 



On the other hand, as 



(6.35) 



l 



-6 



|,4 s || 2 d(7+ / ||J?s||dcT < +oo 
s J s 



we have that there exists a monotone increasing (sub)sequence {U}°^ 1 tending to infinity, 
(namely, tj — > oo when j — > oo), such that: 

(6.36) lim / f f^Jl + IM) rfa ti = 
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So, as both addenda are non-negative, we have: 

1 , f \\A S \\ 2 

(6.37) 

lim / „ da u = 0. 

ldD t . \\V b r\\ 



Let us consider the exhaustion of S by these extrinsic balls, namely, {D ti }°l 1 . Since 
{D ti }°Z 1 is a family of connected and precompact open sets which exhaust S, then {— 
is monotone non-decreasing. Then, on replacing t for f j and taking limits when i —> oo in 
inequality ( 16.341 . we have that: 



(6 



38) 2tt lim inf ({- X (Aj}£i) < [ {b-K N )do + \ [ \\A s \\ 2 da 

I \\Hs\\dcr 



+ bC lim ^=L + 2V-h I Wl^W'lrr - /»•„ 

t^+oocosh y— bt - 1 

since we have the equality between the limits 

(6.39) lim V{t l_ = lim $1 < oo 

t^oo s i nn y/—bt cosh \J —bt - 1 

Hence, by applying Theorem l5.81 S 2 has finite topology and 

(6.40) -2n X {S)< I {b- K N )da + \ [ ||A 5 || 2 rfcr 

Js 2 Js 

+ bC lim $1 + 2V^b f \\H s \\d<T - bv Q . 

^+o°coshv— bt - 1 Js 
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